
M I X E D  C H A R A C T E R I S T I C  P R O B L E M  F O R  M O T I O N  O F  A 
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I .  S. D e g t y a r e v  UDC539.374 

The a r t i c l e s  [1, 2] hold a p rominen t  posi t ion among the l a rge  number  of publicat ions on p rob lems  of 
motion of g ranu la r  media.  In [1] the re la t ions  w e r e  formula ted  between the s t r e s s e s  and the s t r a i n  r a t e s  on 
the bas i s  of the concept  of a p las t ic  potential;  they w e r e  applied in [2] to fo rmula te  mixed boundary-va lue  p rob-  
l ems  and to so lve  p rob l em s  on p r e s s i n g  a die or  a lubr ica ted  wedge into a di latat ing m a s s  of soil.  The p resen t  
a r t i c l e  can be r ega rded  as a fu r the r  deve lopment  of [2] for  a model  of  a body [3] which d e s c r i b e s  the motion 
of a noncompact  med ium loosening up when shifted and v o l u m e - c o m p r e s s i b l e  due to hydros ta t ic  p r e s s u r e .  

w A g ranu la r  med ium is cons idered  in which a p lanar  i r r e v e r s i b l e  de fo rma t ion  takes  p lace  under  the 
condition of Coulomb l imi t  s t a t e ,  

! 

t _u 2)-~ t o s i n ~ + x , = c c o s %  x , =  - ~ - ( ~ - - % ) ~  i x ~ j  , o = - ~ - ( ~ + % ) ,  

whe re  ~x, ~y, and Txy a r e  s t r e s s  components ;  c and ~0 a re  constants  of the medium.  

It  is a s sumed  that  dur ing i ts  flow the  g r a nu l a r  med ium su f fe r s  a p las t ic  change of the volume of the p a r -  
t i c les  eii  depending on the level  of the hydros ta t i c  pa r t  of  the s t r e s s e d  s t a t e  accord ing  to the ru le  eli  = ~(~). 

The re la t ion  between the s t r e s s e s  and the s t r a i n  r a t e s  in a g ranu la r  body a r e  a s sumed  to be in the f o r m  
of a genera l i zed  flow ru le  [1] as p roposed  in [3] and a r e  based  on the ~tdi t iv i ty  of the inc remen t s  of the volume 
p las t ic  s t r a in s  due to s h e a r  and to changes  in hydros ta t i c  p r e s s u r e :  

[ ~x -- %~ t " 
e.~ .... - ~  ksin ~ + ~ 1  + - ~  ~,o~, E ~ 0 ,  

% = -~- sin tp 2"~, / + -~- *,o~; ~',6 := d~ild6, (1.1) 

7xy = ~ ' -  xxy G = d6/dt, 

w h e r e  e x,  ey, and Yxy a r e  the s t r a i n  r a t e s ;  t is t ime .  

The re la t ions  (1.1) imply  the following e x p r e s s i o n  for  the r a t e  of the change in volume: 

~x + % = ~sin ~ + ~,o ~- (1.2) 

The f i r s t  t e r m  on the r igh t -hand  side of (1.2) is of di la ta t ional  or igin,  while  the second one is due to 

p r e s s u r e  change at the body points.  

w F o r  s imula t ions  of the body (1.1) in the t h r ee -d imens iona l  ease ,  a genera l  inves t igat ion of the s y s -  
t e m  of equations for  p las t ic  flow was c a r r i e d  out in [3]. It was  es tab l i shed  that  the c h a r a c t e r i s t i c  manifolds 
for  the s t r e s s  f ields and for  the r a t e s  a r e  the s a m e ,  the p las t ic  compre s s ib i l i t y  eli = r showing no effect  
on the f ield of the c h a r a c t e r i s t i c s  and only resu l t ing  in modifying the c h a r a c t e r i s t i c  re la t ions .  

The s y s t e m  (1.1), (1.2) is hyperbol ic  and has  two fami l i es  of  cha r ac t e r i s t i c s :  

dy/dx = tg 0, dy/dx = --  ctg (0 + r (2.1) 

whe re  0 is the s lope angle of the f i r s t  c h a r a c t e r i s t i c  (the s l ipping line) lying between the d i rec t ions  of the 
p r inc ipa l  s t r e s s e s  (a2 > al) to the x axis .  

In view of the r e s u l t s  of [2], the re la t ions  (1.1) can be r e w r i t t e n  as 

% = -~- {sin r - -  s i n  (0 + c2)} + -~ -  ~ .o~ ,  
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~y : -  - - ~ { s l n  q~ : -  sin(O ~- 9)} ~ "~- $,o (~, (2.2) 

7~y = ),cos (e -F r 

We sha l l  l imi t  ou r  c o n s i d e r a t i o n s  to  the  c a s e  of  s t ab le  mo t ion  of the  m e d i u m  in which  the p r e s s u r e  
change  at the  body points  is due to  t r a n s l a t i o n ,  tha t  i s ,  

= ~,~ u --', (r, yu. (2.3) 

In the above,  u and v a r e  d i s p l a c e m e n t  r a t e s  along the C a r t e s i a n  axes x and y. 

T h e r e  is a r e l a t i o n  be tween  the o r thogona l  p ro j ec t i ons  of the ve loc i ty  vec to r  on the  f i r s t  and the  second  
s l id ing l ine vi ,  v 2 and the  componen t s  u and v, name ly ,  

u == {v: cos (0 --  q,) --  l~.: sin 0}/cos % (2.4) 
v ,= {v~ sin (O + (~) -~ w cos 0}/cos % 

The r e l a t i ons  (2.2) imply  tha t  

(u.~ - -  + *,a~),=0 = ( u ~ - - +  , , f i  ) e = - ( ~ + ~ ) = 0 ,  (2.5) 

wh ich  e x p r e s s e s  the van ish ing  of the incomple te  t ens ion  r a t e  a long the  s l id ing  line. 

Le t  ds 1 and ds 2 be the  a r c  d e m e n t s  of  the f i r s t  and the  second  c h a r a c t e r i s t i c s ,  r e s p e c t i v e l y ;  then  one has 

d.% = dx  cos 0 -~ dy sin O, (2.6) 
d.% = - - d x  sin (0 + (~) --~ dg cos (0 .-~ (p). 

(2.3), (2.4), and (2.6), one can  obta in  f r o m  (2.5) the equat ions  along the 

d,~ - -  (v. tg ~ + v: sc @dO + (1/2)%ov~ csc ~do = 0, 

dv~ + (v: sc (p + vz tg @dO § (1/2)%,,v  1 csc q, da = O. 

By us ing  the  r e l a t i ons  (2.1), 
c h a r a c t e r i s t i c  d i r e c t i o n s :  

The  Ke t t e r  d i f f e ren t i a l  equat ions  a r e  sa t i s f i ed  along the  c h a r a c t e r i s t i c  l ines  [2]: 

da - -  2tg ~ (c ctg ~c --  a)dO = O, 

da + 2tg ~(c ctg (p - -  o)dO =: O. 

(2.7) 

(2.8) 

Use is now m a d e  of the equal i ty  of  the  c h a r a c t e r i s t i c s  of the fields of s t r e s s e s  and of  ve loc i t i e s .  When 
(2.8) is used ,  the r e l a t i ons  (2.7) b e c o m e  

dr: - -  {v 1 tg ~2 -4- vo. scr - -  ~,~ L, 2 sc q~(c ctg q~ - -  (;)}dO = 0, (2.9) 
dye. + {v: sc ~ -~ v2 tg ~ - -  ~,a vl sc r ctg r - -  6)}dO = 0. 

Equat ions  (2.9) r e p r e s e n t  mixed  c h a r a c t e r i s t i c  r e l a t i ons  of  a g r a n u l a r  m e d i u m  which  is d i I a t a to ry  and 
c o m p r e s s e d  i r r e v e r s i b l e  by p r e s s u r e .  If  r = 0, then  Eqs.  (2.9) a r e  equal to the we l l -known  r e l a t i ons  [2] fo r  
an unboundedly d i la ta t ing  soil .  

By ana lyz ing  (1.2}, (2.3), (2.5), and (2.9), one can  a r r i v e  at the fo l lowing conc lus ion :  I r r e v e r s i b l e  co rn -  
p r e s s i o n  due to  p r e s s u r e  in a g r a n u l a r  d i l a t a to ry  m e d i u m  r e s u l t s  in p las t i c  c o m p r e s s i b i l i t y  of  the  thin zones  
ad jacen t  to  the  curx~l inear  c h a r a c t e r i s t i c s .  

It is noted that  in c o n t r a s t  to  the  body s imu la t i on  in [1], wh ich  was  ana lyzed  in [2] fo r  an addi t ively  c o m -  
p r e s s i b l e  med ium,  it is now not pos s ib l e  to so lve  the c h a r a c t e r i s t i c  p r o b l e m  with  known s l id ing  l ines  and 
spec i f i ed  boundary  condi t ions  fo r  the ve loc i t i e s  once  the  d e t e r m i n a t i o n  s t age  of the p las t i c  s t r e s s  f ield has 
been  passed .  Of c o u r s e ,  to  be able  to  i n t e g r a t e  the  mixed  condi t ions  (2.9), one has  to have in advance  the s o -  
lu t ion of  the s t a t i s t i c a l l y  d e t e r m i n e d  s y s t e m  (if the  boundary  condi t ions  fo r  s t r e s s e s  a r e  suff ic ient ) ,  that  is ,  
to have  a g r id  of  s l id ing  l ines  as  wel l  as the i n t e g r a l s  for  Eqs .  (2.8). In [4], a gene ra l  f o r m u l a t i o n  of flow 
p r o b l e m s  fo r  a g r a n u l a r  m e d i u m  is given; the  l a t t e r  admi t  s t a t i ca l l y  d e t e r m i n e d  so lu t ions .  

w The  c a s e  of  i n t eg rab le  equat ions  (2.9) is now c o n s i d e r e d  [2]. F o r  s t r a i g h t - l i n e  s l id ing c u r v e s  which 
i n t e r s e c t  at the  angle  ,7/2 . ~0 the  r e l a t i ons  (2.9) a r e  ident ica l  wi th  the  a l r e a d y  inves t iga ted  c h a r a c t e r i s t i c  
equat ions  [2]. If one fami ly  of the  s l id ing  l ines  (the f i r s t  family)  is a b e a m  of s t r a i g h t  l ines ,  and the o ther  
f o r m s  a s y s t e m  of l o g a r i t h m i c  s p i r a l s  (the r ad i a l  shif t  zone) ,  (2.9) impl ies  tha t  in the  c a s e  of  a given g r id  of  
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c h a r a c t e r i s t i c  l ines  and a given funct ion a = r along the second  f ami ly  one has v 1 = f~(0) along the f i r s t  
f ami ly  and 

!0 
v~ exp (0 tg ~) = --  sc r .f" .f~ (0) { i - -  ~.a (c ctg ~ - -  ~0)} exp ( ~  0 tg ~) d0-~ ]2 

{to 

a long the  second  fami ly  of c h a r a c t e r i s t i c s .  

The  funct ion f2 is d e t e r m i n e d  f r o m  the boundary  condi t ions  and on fl and f2 one imposes  the condi t ion 
tha t  the d i l a t a t o r y  p a r t  of  the  r a t e  of  vo lume  change  is pos i t ive ,  tha t  is ,  U,x + V,y - ~.,~(r + a,yV) > 0 in the 
en t i r e  doma in  of  p las t i c  flow. 

To find the  d i s t r i bu t ion  of  the  dens i ty  p(x, y) in p l a s t i c  r eg ions  of  the body,  one w r i t e s  down the con-  
t inui ty  equat ion  for  the  m e d i u m  in the  c a s e  of  s t a t i o n a r y  mot ion  

p,~u -~- p,yv-,'- p(u,~ --  v,,j) .... 0 (3.1) 

a long the  c h a r a c t e r i s t i c  l ines.  

F r o m  (3.1), t oge the r  wi th  (2.4)-(2.6),  a long the  f i r s t  and second  fami ly  of the c h a r a c t e r i s t i c s ,  r e s p e c -  
t ive ly ,  one obtains  the  r e l a t i ons  

dpv~ -}- p{dv i sin (p(t - -  cos 9) - -  dv.z cos ~ - -  [v~ t~ q~ - -  cos qD(i - -  cos ~)vi]d0 } : 0, (3.2) 

dpv, -~ p{dv 2 sin (p(i - -  cos ~) - -  dvi cos (p + [v i tg ~ - -  cos ~0(i - -  cos (p)v~]d0} = 0. 

The  above  equat ions  can  be i n t eg ra t ed  if the  g e o m e t r y  of  the  s l id ing l ines  is known as wel l  as the ve loc i ty  
componen t s  v 1 and v2 d e t e r m i n e d  f r o m  the  so lu t ion  of  (2.9). The  in t eg ra t ion  cons tan t s  a r e  d e t e r m i n e d  f r o m  the 
boundary  condi t ions  for  the dens i ty  on each  of  its c h a r a c t e r i s t i c s .  

The  r e l a t ions  obta ined by so lv ing  Eqs.  (2.8), (2.9), and (3.2) fo r  an adopted g e o m e t r y  of  the s l id ing  l ines  
for  the f ield a ,  v l, v 2, p a r e  the c o m p l e t e  so lu t ion  of the  mixed  c h a r a c t e r i s t i c  p r o b l e m  for  t w o - d i m e n s i o n a l  
flow of  a g r a n u l a r  c o m p r e s s i b l e  med ium.  

The  r e l a t i ons  which  a r e  val id  a long the  c h a r a c t e r i s t i c s  (2.9), (3.2) can  be employed  to ana lyze  the  flow 
of  g r a n u l a t e d  (powderl ike)  med ia  unde r  s t r e s s e s  wh ich  admi t  an i r r e v e r s i b l e  d e f o r m a t i o n  of  the i r  cons t i tuent  
g r a i n s ,  inc luding the i r  d i s i n t e g r a t i o n  by mel t ing .  The  l a t t e r  is of p a r a m o u n t  i m p o r t a n c e  for  the m a j o r i t y  of 
t echno log ica l  p r o c e s s e s  of  p las t i c  p r o c e s s i n g  by p r e s s u r e  exe r t ed  on nondense  media ,  such  as moulding,  

ro l l ing ,  h y d r o e x t r u s i o n ,  etc.  

w In [1, 2] the  poss ib i l i t y  of d i scon t inu i ty  in the  ve loc i t i e s  of  a body mode l  [1] was  inves t iga ted ,  and the 
s t r u c t u r e  of the  t r a n s i t i o n  l a y e r  of  in tens ive  s t r a i n  r a t e s  was  cons ide red .  It was  es tab l i shed  that  the t r a n s i t i o n  
l a y e r  is of  f ini te  t h i ckness ;  the  n o r m a l  ve loc i ty  componen t  su f f e r s  a jump dur ing  the t r a n s i t i o n  a c r o s s  the d i s -  
cont inui ty  l ine (of the c h a r a c t e r i s t i c ) ,  the change  in the  ve loc i ty  v e c t o r  dur ing  the  t r a n s i t i o n  a c r o s s  the d i s -  
cont inui ty  l a y e r  mak ing  an  angle  ~ wi th  the  l a t t e r .  

The  d i scon t inu i t i e s  in the  ve loc i t i e s  a r e  now c o n s i d e r e d  for  the r e l a t ions  (2.2). Le t  the axes  of  x,  y be 
a long the  tangent  and n o r m a l  to  the  mid l ine  of the  t r a n s i t i o n  l aye r ;  then,  as  impl ied  by (2.2), to sa t i s fy  the 
r e l a t i ons  U,y, V,y >> U,x, V,x it is  n e c e s s a r y  that  the t r a n s i t i o n  l a y e r  adjoins the c h a r a c t e r i s t i c  (dy/dx = 0) 
a long which  the pa r t i a l  d e f o r m a t i o n  r a t e  van i shes  in a c c o r d a n c e  wi th  (2.5). 

In th is  c a s e  it follows f r o m  (2.2) tha t  

u,,: = - T  t~,o~, v,,s "= /. sin m., -i- ~ ~ ,~ ,  u,~ = k cos ~0. (4.1) 

F o r  dy /dx  = 0 the  r e l a t i ons  (4.1) imply  that  on the  d i scon t inu i ty  l ine one  has 

'~ '~ [l~l = u + -  v+ (4.2) [v_._]] = tg q~ -}- ~ ,  ~t-, [v] = - -  v- .  ['-d 

F o r  the  s imu la t i on  under  c o n s i d e r a t i o n  the  t r a n s i t i o n  l a y e r  m u s t  be of finite t h i ckness  5 (5 ~ 0, s ince  
[v] ~ 0). Indeed,  fo r  con t inuous ly  i n c r e a s i n g  5 and for  finite jumps  [u], [v] the funct ions Sy, Txy, X will  d e -  
c r e a s e  wi thout  bound; in this  c a s e  it follows f r o m  (4.2) tha t  r e s i s t a n c e  to h y d r o s t a t i c  c o m p r e s s i o n  in the l a y e r  
m a t e r i a l  m u s t  i n c r e a s e  wi thout  bound,  wh ich  is not feas ib le  f r o m  the phys i c s  point  of  view. 

In [1], " s i m p l e  d i scon t inuous"  so lu t ions  w e r e  in t roduced  b a s e d  on the  e x p r e s s i o n  fo r  the  r a t e  of ene rgy  

d i s s i pa t i on  on a unit  a r e a  of  d i s rup t ion :  
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W = c[~d. (4.3) 

Using the re la t ion  (4.2) and the resul ts  in [5], one finds that the formula  (4.3) for an additively com-  
press ib le  medium assumes  the fo rm 

W = (c cos (F -- ~ sin T){[u] ~ -',- [v]~'}l/~ -~ (~[v]. 

By employing theorems  on ext remals  the lat ter  express ion  can be used to find upper bounds for l imit  
loads in the case  of motion of granular  mate r ia l s  subjected to high p re s su re s .  

1. 

2. 

3. 
4. 
5. 
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D Y N A M I C  D E F L E C T I O N  OF S T I F F L Y  P L A S T I C  R E S T R A I N E D  

C I R C U L A R  P L A T E S  W I T H  T H E  E F F E C T S  OF  S H E A R  A N D  

R O T A T I O N A L  I N E R T I A  T A K E N  I N T O  A C C O U N T  

Y u .  V. N e m i r o v s k i i  a n d  A. R.  S k o v o r o d a  UDC 539.38.384.2+539.38.386 

Upon the act ion of t rans ient  dynamic loads of high intensity, a la rge  par t  of the internal  energy supplied 
to a s t ruc tu re  can be dissipated into the work  of plast ic deformations p r io r  to the s t ruc tu re  being des t royed or 
rece iv ing  inadmiss ible  res idual  deformations.  Approaches based on the model of a stiffly plast ic  body have 
found wide application for the solution of the corresponding problems based on es t imat ion of the extent of dam-  
age to s t ruc tu res  f rom the action of "explosive" loads. A detailed review of Soviet and foreign r e s e a r c h  con-  
ducted in recen t  yea r s  in this a rea  is given in [1]. Exper imental  investigations conducted in a number of papers  
[2-4] have revea led  that the values of the res idual  deflections and rotat ion angles measured  in the experiments  
turn  out to be appreciably  less than the theore t ica l  values,  amounting to approximately 20-80% of them. This 
d i sc repancy  is explained by the effect of a number of factors  which are  not taken into account in the theory 
mentioned above. In par t icu la r ,  the effect of rotat ional  iner t ia  and the l imitedness  of r e s i s t ance  to t r a n s v e r s e  
shears  is not taken into considera t ion in all investigations known up to now. A theory  of the dynamic deflection 
of c i r cu la r  plates made of a stiffly plast ic mater ia l  is developed in this paper  which takes account of rotat ional  
iner t ia  and the reduced r e s i s t ance  to t r a n s v e r s e  shear .  It is shown that the nature of the dynamic behavior and 
the energy diss ipat ion mechan i sm in the case  of plast ic deformations is significantly different  in this case  than 
in the theor ies  mentioned above. 

w 1. We will consider  the ax i symmet r i ca l  deformat ion of a c i r cu la r  plate made of an ideally stiffly plast ic 
mater ia l .  We will a s sume  the following kinematic hypotheses of the deformat ion of the plate (in the cylindrical  
coordinate  sys t em r ,  ~, z tied to the median surface):  

u, zu(r, t), u~ ~ 0, us = W(r,  t), 

where ur,  u O and Uz are  the components of the displacement  vector  and t is the time. Using Lagrange ' s  va r i a -  
tional pr inciple  in combinat ion with the d 'A lember t  principle,  we obtain, respect ive ly ,  the equations of motion 
of the plate 

(~/3) ;~ = , , ;  ~ x - '  (ml --  ms) --  ql 4- % '~; = q' i z-~q + P (1.11 
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